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In this paper, a Liapunov-type inequality has been derived for a class of
third-order differential equations of the form,
y- q p t y s 0,Ž .
w .where p is a real-valued continuous function on 0, ‘ . The nature of the distance
between consecutive two zeros or three zeros has been studied with the help of the
inequality. Q 1999 Academic Press
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1. INTRODUCTION
w xIn 6 , Liapunov obtained the following result:
Ž .If y t is a solution of
y0 q p t y s 0, 1Ž . Ž .
Ž . Ž . Ž . Ž . Ž .with y a s 0 s y b a - b and y t / 0 for t g a, b , then
b
< <p t dt ) 4r b y a . 2Ž . Ž . Ž .H
a
This result has found applications in the study of various properties of
Ž . w xsolutions of 1 . In 5 , Hartman has obtained an inequality which is more
Ž . Ž .general than 2 . The inequality 2 has been generalized to second-order
w xnonlinear differential equations by Eliason 2 , to delay differential equa-
w x w xtions of second order by Eliason 3, 4 and by Dahiya and Singh 1 and to
445
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w xhigher order differential equations by Pachpatte 7 . However, the work in
w x7 is not applicable to third-order differential equations.
Ž .In this work, we establish an inequality similar to 2 for third-order
differential equations of the form,
y- q p t y s 0, 3Ž . Ž .
Žw . .where p g C 0, ‘ , R .
2. MAIN RESULTS
Ž . Ž . Ž . Ž . Ž .Let y t be a solution of 3 with y a s 0 s y b 0 F a - b and
Ž . Ž .y t / 0 for t g a, b . We consider the following two cases:
w x Ž .Case I. There exists a d g a, b such that y0 d s 0.
Ž . w xCase II. y0 t / 0 for t g a, b . In this case we consider three consec-
Ž . Ž . Ž . Ž . Ž .utive zeros of y t , viz, y a s 0, y b s 0, y a9 s 0 0 F a - b - a9 ,
Ž . Ž . Ž . Ž .y t / 0 for t g a, b , and y t / 0 for t g b, a9 .
Ž . Ž . Ž .Remark. i If either y9 a s 0 or y9 b s 0, then there exists d g
Ž . Ž .a, b such that y0 d s 0.
Ž . Ž . Ž . Ž .ii If z t s sin t, t G 0, then we notice that z 0 s 0 s z p ,
Ž . Ž . Ž . Ž . Ž . Ž .z t / 0, t g 0, p , z9 0 / 0, z9 p / 0, and z0 0 s 0 s z0 p .
4 1 14 3 2 2Ž . Ž . Ž .Ž .iii If z t s t y 2 t q t y t s t t y 1 t y t q , t G 0,3 3 3
Ž . Ž . Ž . Ž . Ž . Ž .then z 0 s 0 s z 1 , z t / 0 for t g 0, 1 , z9 0 / 0, z9 1 / 0, and
1Ž .z0 s 0.3
Ž . Ž . 2 4 Ž 2 .Ž 2 . Ž .iv If z t s 5t y t y 4 s t y 1 4 y t , t G 1, then z 1 s
Ž . Ž . Ž . Ž . w x0 s z 2 , z t / 0 for t g 1, 2 and z0 t - 0 for t g 1, 2 . This possibility
forces us to consider Case II.
THEOREM 1. Consider Case I. Then
b 2< <p t dt ) 4r b y a .Ž . Ž .H
a
< Ž . < < Ž . < Ž .Proof. Let M s Max y t s y c , where c g a, b . Thus,t gw a, b x
c c









< <2 M F y9 t dt.Ž .H
a
Hence, by applying the Cauchy]Schwarz inequality first and then integrat-
ing by parts we obtain
b 224M F b y a y9 t dtŽ . Ž .Ž .H
a
b
s y b y a y t y0 t dtŽ . Ž . Ž .H
a
b
< < < <F b y a y t y0 t dt. 4Ž . Ž . Ž . Ž .H
a
Ž . Ž .Integrating 3 from d to t a F d - t or t - d F b we get
t
y0 t s y p s y s ds,Ž . Ž . Ž .H
d
< Ž . < < t Ž . < < Ž . < b < Ž . < < Ž . < Ž .that is, y0 t F H N p s y s N ds F H p t y t dt. Thus 4 yieldsd a
b b2 < < < < < <4M F b y a y t dt p t y t dtŽ . Ž . Ž . Ž .H Hž / ž /a a
b2 2 < <- b y a M p t dt ,Ž . Ž .H
a
from which the required inequality follows. Hence the proof is complete.
THEOREM 2. Consider Case II. Then
a9 2< <p t dt ) 4r a9 y a . 5Ž . Ž . Ž .H
a
Ž .Proof. From Rolle's theorem it follows that there exists c g a, b and1
Ž . Ž . Ž .c g b, a9 such that y9 c s 0 and y9 c s 0. Further application of2 1 2
Ž . Ž .Rolle's theorem yields d g c , c such that y0 d s 0. Setting M s1 2
< Ž . < < Ž . < Ž . Ž .Max y t s y c , where c g a, b j b, a9 , we obtaint gw a, a0 x
c c





< < < <M s y c s y9 t dt F y9 t dt.Ž . Ž . Ž .H H
c c
Then proceeding as in the proof of Theorem 1, one may get
a922 2 < <4M - a9 y a M p t dt.Ž . Ž .H
a
Hence the theorem is proved.
Ž .Remark. In Case II, we may take three consecutive zeros of y t of the
Ž . Ž . Ž . Ž .form 0 F a9 - a - b, viz, y a9 s 0, y a s 0, y b s 0, y t / 0 for
Ž . Ž .t g a9, a j a, b . Theorem 2 is valid in this case, that is, we have
b 2< <p t dt ) 4r b y a9 .Ž . Ž .H
a9
Ž . w x Ž .Remark. Because in Case II y0 t / 0 for t g a, b , then d g c , c1 2
Ž ximplies that d g b, a9 in Theorem 2. Hence from Theorem 1 it follows
that
a9 2< <p t dt ) 4r a9 y b .Ž . Ž .H
b
Ž .Thus 5 yields
b a92< < < <p t dt ) 4r a9 y a y p t dt.Ž . Ž . Ž .H H
a b
We may note that
1 1 a92 < <4 y ) 4r a9 y a y p t dt.Ž . Ž .H2 2
ba9 y a a9 y bŽ . Ž .
If
1 1b
< <p t dt ) 4 y ,Ž .H 2 2
a a9 y a a9 y bŽ . Ž .
then the lower bound of the distance between a and b is obtained. If
1 1b
< <p t dt F 4 y ,Ž .H 2 2
a a9 y a a9 y bŽ . Ž .
then the upper bound of the distance between a and b is derived.
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In the following we consider a simple example to demonstrate the
Ž .usefulness of the inequality 5 .
EXAMPLE 1. Consider
y- q y s 0. 6Ž .
Ž .The basis of the solution space of 6 is given by
' '3 3
yt 1r2 t 1r2 te , e cos t , e sin t .½ 52 2
tr2 'Ž . ŽŽ . .The zeros of u t s e cos 3 r2 t are given by
2 2n y 1 pŽ .
t s , n s 1, 2, . . . .n ' 23
Ž . Ž .It is easy to see that u0 t and u0 t are of opposite signs and hencen nq1
Ž . Ž .there exists a d g t , t such that u0 d s 0. Thus from Theorem 1n n nq1 n
3 'Ž .it follows that t y t ) 4, which is true because t y t s 2pr 3 .nq1 n nq1 n
tr2 'Ž . ŽŽ . .The zeros of ¤ t s e sin 3 r2 t are given by
2
t s n y 1 p , n s 1, 2, . . . ,Ž .n '3
Ž .and the preceding statements hold for ¤ t . Further, the zeros of an
oscillatory solution of the form,
y t s l u t q l ¤ t , l / 0, l / 0,Ž . Ž . Ž .1 2 1 2
Ž .of 6 are given by
2 l1y1t s tan y y np , n s 0, " 1, " 2, . . . .n ž /' l3 2
Ž . w xIt is not easy to verify that y0 d s 0 for some d g t , t as in then n n nq1
Ž . Ž .case of u t and ¤ t . In this case Theorem 2 is employed to obtain
3 '< < < <t y t ) 4. This is true because t y t s 4pr 3 . Next we shownq2 n nq2 n
that a solution of the type,
y t s l u t q l ¤ t q l eyt 7Ž . Ž . Ž . Ž .1 2 3
Ž . 2 2of 6 is oscillatory, where l , l , l are constants such that l q l / 0.1 2 3 1 2
Ž .If possible, suppose that y t is nonoscillatory. Hence l / 0. We may3
Ž .assume, without any loss of generality, that l ) 0. If y t ) 0 for t G3
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t ) 0, then0
' '3 3
3 tr2e l cos t q l sin t ) yl ,1 2 3ž /2 2
for t G t . This is impossible, because the left-hand side of the inequality0
Ž .oscillates between y‘ and q‘. If y t - 0 for t G t , then0
' '3 3
3 tr2e l cos t q l sin t - yl - 0,1 2 3ž /2 2
' 'ŽŽ . . ŽŽ . .and hence l cos 3 r2 t q l sin 3 r2 t is nonoscillatory, a contra-1 2
Ž . Ž . Ž .diction. Thus y t given by 7 is oscillatory. The zeros of y t are given by
the transcendental equation,
'3
yŽ3 r2. tnsin u q t q l e s 0, n s 1, 2, . . . ,Ž .n 32
y1'Ž . Ž .where, u s 2r 3 tan l rl . As the previous equation cannot be1 2
< <solved for t , no lower bound for t y t can be found. However, fromn nq2 n
< <Theorem 2 it follows that t y t ) 4.nq2 n
Ž . < Ž . < < Ž . <Consider Case I. Let c g a, b such that max y t s y c . Hencet gw a, b x
Ž .y9 c s 0. In the following we establish a theorem related to this case.
THEOREM 3. The point c cannot be ¤ery close to a as well as to b.
Ž .Proof. i Let a F d - c. Clearly,
c
y c s y9 t dtŽ . Ž .H
a
implies that
2c2y c s y9 t dtŽ . Ž .Ž . H
a
c 2F c y a y9 t dtŽ . Ž .Ž .H
a
c
s y c y a y t y0 t dtŽ . Ž . Ž .H
a
c
< < < <F c y a y t y0 t dt , 8Ž . Ž . Ž . Ž .H
a
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where we have used the Cauchy]Schwarz inequality and the integration by
Ž .parts formula. For a - t - c, we integrate 3 from d to t to obtain
t




< < < < < <y0 t F p s y s ds .Ž . Ž . Ž .H
d
Ž .Consequently 8 yields
c t2 < < < < < <y c F c y a y t p s y s ds dtŽ . Ž . Ž . Ž . Ž .Ž . H H
a d




< <p t dt G . 9Ž . Ž .H 2
a c y aŽ .
b < Ž . < Ž .2Because H p t dt - ‘ and lim 1r c y a s ‘, it follows that ca c“ aq
cannot be very close to a. Next we show that c cannot be very close to b
Ž . Ž .also. Integrating 3 from d to t d - t F b we obtain
t
y0 t q p s y s ds s 0.Ž . Ž . Ž .H
d
Ž .Successive integration of the foregoing identity first from c to t c - t F b
and then from c to b yields
2
cb y cŽ . b u
y c s p s y s ds q u y s p s y s ds du .Ž . Ž . Ž . Ž . Ž . Ž .H H Hž /2 d c c
Hence,




< <p s ds G .Ž .H 2




< <p s ds - ‘ and lim s q‘,Ž .H 2c“bya b y cŽ .
then it follows that c cannot be very close to b.
Ž . Ž . Ž .ii Let c F d F b. Integration of 3 from t to d a F t - d yields
d
y0 t s p s y s ds.Ž . Ž . Ž .H
t
Further, integrating the preceding identity successively first from t to c
Ž .a F t - c and then from a to c, we obtain
c d d
y c s u p s y s ds du y c c y a p s y s dsŽ . Ž . Ž . Ž . Ž . Ž .H H Hž /a u c
c c
y sp s y s ds du .Ž . Ž .H Hž /a u
Hence,
b




< <p s ds G .Ž .H 3c c y aŽ .a
From this inequality it follows that c cannot be very close to a. Next we
show that c cannot be very close to b. Clearly,
b b





b2 < <y c F y9 t dtŽ . Ž .Ž . H
c
b 2F b y c y9 t dtŽ . Ž .Ž .H
c
b
s y b y c y t y0 t dtŽ . Ž . Ž .H
c
b
< < < <F b y c y t y0 t dtŽ . Ž . Ž .H
c
b t
< < < < < <F b y c y t p s y s ds dtŽ . Ž . Ž . Ž .H H
c d




< <p t dt G . 10Ž . Ž .H 2
a b y cŽ .
Thus c cannot be very close to b. The proof of the theorem is complete.
Ž . w x Ž . Ž . Ž .In Case II, y0 t / 0 for t g a, b , y a s 0, y b s 0, y a9 s 0
Ž . Ž . Ž . Ž .0 F a - b - a9 with y t / 0 for t g a, b j b, a9 . Hence there exists
Ž . Ž . Ž . Ž .a c g a, b and c g b, a9 such that y9 c s 0 and y9 c s 0. Thus1 2 1 2
Ž . Ž . Ž .there exists a d g c , c such that y0 d s 0. Because y0 t / 01 2
w x Ž . < Ž . < < Ž . <for t g a, b , then d g b, a9 . Let y c s Max y t , where c gt gw a, a9x
Ž . Ž . Ž . < Ž . <  < Ž . < w x4a, b j b, a . If c g b, a , then y c s Max y t : t g b, a9 and1 1
hence from Theorem 3 it follows that c cannot be very close to b as well as
Ž .to a9. Suppose c g a, b . Then we have the following theorem.
THEOREM 4. The point c cannot be ¤ery close to a as well as to b.
Ž .Proof. Clearly, y9 c s 0 and hence,
c
y c s y9 t dtŽ . Ž .H
a
implies that
2c2y c s y9 t dtŽ . Ž .Ž . H
a




s y c y a y t y0 t dtŽ . Ž . Ž .H
a
c
< < < <F c y a y t y0 t dt.Ž . Ž . Ž .H
a
Ž . Ž .For t g a, c , integration of 3 from t to d yields
d




< < < < < <y0 t F p s y s ds,Ž . Ž . Ž .H
t
and
c d2 < < < < < <y c F c y a y t p s y s ds dtŽ . Ž . Ž . Ž . Ž .Ž . H Hž /a t




< <p t dt G . 11Ž . Ž .H 2
a c y aŽ .
From this it follows that c cannot be very close to a. Similarly, starting
with
b b
< < < <y c s y9 t dt F y9 t dt ,Ž . Ž . Ž .H H
c c
one may show that
1a9
< <p t dt G . 12Ž . Ž .H 2
a b y cŽ .
Hence c cannot be very close to b. Thus the proof is complete.
 < Ž . < w x4 < Ž . < Ž .Remark. If Max y t : t g a, b s y c* , c* g a, b , in Case II, then
it is not known if c* could be very close to a or b. It seems that it is
Ž . w xbecause y0 t / 0 for t g a, b .
s Žw . . ² :THEOREM 5. Let p g L 0, ‘ , R , where 1 F s - ‘. If t is ann
Ž . Ž .increasing sequence of zeros of an oscillatory solution y t of 3 , then
Ž . Ž .t y t “ ‘ or t y t “ ‘ as n “ ‘.nq1 n nq2 n
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Ž . w xProof. Suppose that y0 t s 0 for some t g t , t for every large n.n nq1
Ž .We claim that in this case t y t “ ‘ as n “ ‘. If not, then therenq1 n
² : ² : Ž .exists a subsequence t of the sequence t such that t y t F Mn n n nk kq1 k
 < Ž . < w x4for every k, where M ) 0 is a constant. Let Max y t : t g t , t sn nk kq1
< Ž . < Ž . s Žw . .y s , where s g t , t . Because p g L 0, ‘ , R , thenn n n nk k k kq1
‘ yss 2q1r m< < w xp t dt - M , 13Ž . Ž .H
tnk
Ž . w xfor large k, where 1rm q 1rs s 1. Let y0 d s 0 for d g t , t .n n n nk k k kq1
Ž .If t F d - s , then from 9 it follows thatn n nk k k
1tnkq1 < <p t dt G .Ž .H 2
t s y tn Ž .k n nk k
Hence, by Holder's inequality,
t2 nkq1 < <1 F s y t p t dtŽ .Ž . Hn nk k
tnk
1rs
t2 1rm n skq1 < <F t y t t y t p t dtŽ .Ž . Ž . Hn n n nkq 1 k kq1 k
tnk
1rs
‘2q1rm s< <F t y t p t dtŽ .Ž . Hn nkq 1 k
tnk
y12q1r m 2q1r mw x- M M
s 1,
Ž .a contradiction. If s F d F t , then from 10 we obtainn n nk k kq1
1tnkq1 < <p t dt G .Ž .H 2
t t y sn Ž .k n nkq 1 k
Then proceeding as in the previous text we arrive at a contradiction.
Ž . w xNext suppose that y0 t / 0 for t g t , t for some large n. In thisn nq1
case we consider three consecutive zeros t - t - t and we shown nq1 nq2
Ž .that t y t “ ‘ as n “ ‘. On the contrary, assume that there existsnq2 n
² : ² : Ž .a subsequence t of t such that t y t F M for every k, wheren n n nk kq2 k
Ž . Ž .M ) 0 is a constant for which 13 holds for large k and y0 t / 0 for
w x Ž Ž . w xt g t , t . If y0 t s 0 for some t g t , t , then proceeding asn n n nk kq1 k kq1
. Ž .earlier one may arrive at a contradiction. Because y t s 0, then therenkq 2
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Ž . Ž .  < Ž . <exists a d g t , t such that y0 d s 0. Let Max y t : t F t Fn n n n nk kq1 kq2 k k
4 < Ž . < Ž . Ž . Ž .t s y s , where s g t , t j t , t . If s g t , t ,n n n n n n n n n nkq 2 k k k kq1 kq1 kq2 k kq1 kq2
then proceeding as in the first part of the proof of this theorem one may
Ž . Ž .obtain a contradiction. If s g t , t , then from 11 it follows thatn n nk k kq1
1tnkq2 < <p t dt G .Ž .H 2
t s y tn Ž .k n nk k
Hence, by Holder's inequality,
t2 nkq2 < <1 F s y t p t dtŽ .Ž . Hn nk k
tnk
1rs




s2q1r m < <F M p t dtŽ .H
tnk
- 1,
a contradiction. Thus the theorem is proved.
Ž . Ž .Remark. One could have used 12 in place of 11 .
EXAMPLE 2. Consider
6
y- q y s 0, t G 1. 14Ž .3t
Ž .The basis of the solution space of 14 is given by
y1 2 2' 't , t cos 2 log t , t sin 2 log t . 4Ž . Ž .
Ž . 3 1Žw . .Here p t s 6rt and hence p g L 1, ‘ , R . The zeros of the oscillatory
2 'Ž . Ž . Ž .solution u t s t cos 2 log t of 14 are given by
2n y 1 pŽ .'2 log t s , n s 1, 2, . . . ,n 2
that is,
2n y 1 pŽ .
t s exp , n s 1, 2, . . . .n '2 2
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' 'Ž . Ž . Ž . Ž .Because u0 t s y3 2 sin 2 log t , then u0 t / 0 and u0 t / 0n nq1
Ž .for any n s 1, 2, . . . . Moreover, the zeros of u0 t are given by
'2 log s s n y 1 p , n s 1, 2, . . . ,Ž .n
or
'wŽny1.p xr 2s s en
Ž . Ž .Because s - t - s F t , then u0 t s 0 for some t g t , t .n n nq1 nq1 n nq1
Clearly,
.' 'wŽ2 ny1.p xrŽ2 2 p r 2t y t s e e y 1 “ ‘, as n “ ‘.nq1 n
Ž .A similar conclusion holds for the oscillatory solution ¤ t s
2 'Ž . Ž .t sin 2 log t of 14 .
In the following we obtain an estimate for the number of zeros of an
Ž . w xoscillatory solution of 1 on an interval 0, T .
Ž . Ž . Ž . Ž .THEOREM 6. i If y t is an oscillatory solution of 1 with y t s 0,k
Ž . w x1 F k F N and y0 d s 0 for some d g t , t for k s 1, 2, . . . , N y 1,k k k kq1
where 0 - t - t - ??? - t F T , then1 2 N
T 2 T4 yN < <N y 1 2 - p t dt.Ž . Ž .H16 0
Ž . Ž . Ž . Ž .ii If y t is an oscillatory solution of 1 with y t s 0, 1 F k Fk
Ž . w x2 N q 1, and y0 t / 0 for t g t , t , k s 1, 2, . . . , N, where 0 - t -2 ky1 2 k 1
t - ??? - t F T , then2 2 Nq1
T 2 TyN 4 < <2 N - p t dt.Ž .H8 0
Ž .Proof. i From Theorem 1 it follows that
tkq1 2< <p t dt ) 4r t y t ,Ž . Ž .H kq1 k
tk
k s 1, 2, . . . , N y 1. Hence,
Ny1 1T tN< < < <p t dt G p t dt ) 4 .Ž . Ž . ÝH H 2
0 t t y tŽ .1 ks1 kq1 k
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From two well-known inequalities,
2 Žny1. 2 2 2a q a q ??? qa F 2 a q a q ??? qa ,Ž . Ž .1 2 n 1 2 n
and
y1n n1 1 11rnF a a ??? a F a ,Ž .Ý Ý1 2 n in a niis1 is1
where a ) 0, 1 F i F n, it follows thati
2Ny1 Ny11 1
yŽ Ny2.G 2Ý Ý2 t y tt y tŽ . kq1 kks1 ks1kq1 k
y2Ny1
4yŽNy2.G 2 N y 1 t y tŽ . Ž .Ý kq1 k
ks1
4 y2yŽNy2.s 2 N y 1 t y tŽ . Ž .N 1
4yŽNy2. y2) 2 N y 1 T .Ž .
Hence,
T 42 yN< <T p t dt ) 16 2 N y 1 .Ž . Ž .H
0
Ž .ii Using Theorem 2 we obtain
t2kq1 2< <p t dt ) 4r t y t ,Ž . Ž .H 2 kq1 2 ky1
t2ky1
k s 1, 2, . . . , N. Thus,
N 1t2 Nq1 < <p t dt ) 4Ž . ÝH 2
t t y tŽ .1 ks1 2 kq1 2 ky1
2N 1
yŽ Ny1.) 4 ? 2 Ý t y tŽ .2 kq1 2 ky1ks1
y2N
yŽ Ny3. 4) 2 N t y tŽ .Ý 2 kq1 2 ky1
ks1
) 2yŽ Ny3.N 4Ty2 ,
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that is,
T2 4 yN< <T p t dt ) 8 N 2 .Ž .H
0
Hence the theorem is proved.
Ž . Ž . Ž .Remark. i Theorem 6 ii remains valid if y0 t / 0 for t g
w xt , t , k s 1, . . . , N.2 k 2 kq1
Ž .ii In all other cases, we separate all consecutive pairs of subinter-
Ž .vals on one of which y0 t s 0 for some t and all those subintervals on
Ž .each of which y0 t s 0 for some t and we apply the earlier two estimates
separately.
Ž . Ž .EXAMPLE 3. Consider oscillatory solution u t of Eq. 6 of Example 1.
'w x Ž . Ž .The interval 0, 11pr 3 contains six simple zeros of u t . Because u0 di
Ž . Ž .s 0 for some d g t , t , i s 1, 2, . . . , 5, then from Theorem 6 i iti i iq1
follows that
311pŽ .
4 y616 = 5 = 2 - ,'3 3
which is obviously true.
Ž .To oscillatory solutions of 6 of the form,
y t s l u t q l ¤ t , l / 0, l / 0,Ž . Ž . Ž .1 2 1 2
or
y t s l u t q l ¤ t q l eyt , l2 q l2 / 0,Ž . Ž . Ž .1 2 3 1 2
Ž .Theorem 6 ii can be applied.
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